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TRACE DENSITIES AND ALGEBRAIC INDEX THEOREMS FOR THE SHEAF OF FORMAL
CHEREDNIK ALGEBRAS
ALEXANDER VITANOV
Abstract. Etingof introduces a sheaf of Cherednik algebrasℋ1,c,X,G, attached to a complex algebraic variety
X with an action by a finite groupG, by means of generators and relations. In a previous paper the author showed
how to realize the sheaf of Cherednik algebras on a general global quotient orbifoldX/G by gluing sheaves of flat
sections of flat holomorphic vector bundles on orbit type strata in X . In the current note we use this realization
of the sheaf of global Cherednik algebras to define trace density maps forℋ1,c,X,G attached to the various orbit
type strata. The maps are not entirely explicit. By means of the trace density morphisms we obtain a morphism
between the hypercohomology of the sheaf of Hochschild chain complexes of ℋ1,c,X,G for a Coxeter group G
and the Chen-Ruan orbifold cohomology of X/G. We subsequently show that for any complex reflection group
G, when c is a formal parameter, the hyercohomology of the sheaf of Hochschild chain complexes ofℋ1,c,X,G
is isomorphic to the Chen-Ruan cohomology of X/G with values in the Laurent field. Finally, we present an
algebraic index theorem for the sheaf of formal global Cherendik algebrasℋ1,((~)),X,G localized at ~.
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1. Introduction
In [Vit19] it was shown by virtue of Gelfand-Kazhdan formal geometry how to realize the sheaf of Chered-
nik algebras ℋ1,c,X,G in terms of gluing of sheaves of flat sections of flat holomorphic bundles which are
defined on the orbit type strata of X and arise from special Harish-Chandra torsors with fibers associative
algebras with a Harish-Chandra module structure. By means of the constriction in [Vit19] one can uniquely
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represent every section ofℋ1,c,X,G over any G-invariant open set U in X as a string of flat sections of the
holomorphic bundles on those orbit type strata intersecting U . In the current note we invoke this identifica-
tion to define for every orbit type stratumX iH a morphism from the Hochschild chain complex ofℋ1,c,X,G to
the complex of de Rham differential forms, shifted by a degree of codimension, on the connected fixed point
submanifold component XHi containing X
i
H . These morphisms are referred to as trace density morphism or
simply trace densities because their images are de Rham cohomology classes which in turn can be integrated
over compact submanifolds to singular cohomology classes inH−•(XHi ,C)[2n−2l]where l = codim(X
H
i ).
In particular, one obtains this way non-trivial trace maps for the sheaf of Cherednik algebras, which can be
seen as a sheaf-theoretic generalization of the linear traces for the rational Cherednik algebra constructed
by Etingof, Ginzburg and Berest in [BEG03a; BEG03b; BEG04]. When X is a compact manifold, we obtain a
complete list of explicit formulas for the trace maps of the global formal Cherednik algebraH1,((~))(U,G),
tr : HH0(H1,((~))(U,G))→ H
2n−2l(XHi ,C)
∼= C
for allXHi intersecting U . We employ the trace density morphisms to define morphisms from the hypercoho-
mology of the sheaf of Hochschild chain complexes ofℋ1,c,X,G, respectively ofℋ1,((~)),X,G to the Chen-Ruan
cohomology of X/G. We demonstrate that in the formal case, the corresponding morphism is in fact an iso-
morphism generalizing a result from [AFLS00]. We remark that in a separate closely related work [Vit20]
we adapt the constructions presented here to the holomorphic and cohomological settings and prove sub-
sequently with their help that the sheaf of twisted formal Cherednik algebras is a universal formal filtered
deformation of풟X⋊G- until recently an open problemwhich has resisted a rigorous proof for over a decade.
Finally, mimicking techniques in [FFS05; EF08], [PPT07] and [RT12] we prove an algebraic index theorem for
the trace density morphisms χHi,((~)) which provide a value of the induced linear traces for the sheaves of
Cherednik algebras at id. We find out that the obtained trace maps distinguish between 풟X ⋊ G and its
formal deformation. This is in a stark contrast to the Euler characteristics which do not distinguish between
the sheaf of formal Cherednik algebras and풟X ⋊G.
2. Preliminaries
2.1. Complex reflections in linear spaces. Let h be a finite-dimensional complex vector space and let h∗ be
the dual space of h. A semisimple endomorphism s of h is called a complex reflection in h if rank(idh−s) = 1.
The fixed point subspace hs := ker(idh−s) of the complex reflection s ∈ End(h) is a hyperplane, which is
referred to as the reflecting hyperplane of s. Suppose G is a finite subgroup of GL(h) ⊂ End(h) and let 풮
denote the set of all complex reflections in h contained in G. The group G is said to be a complex reflection
group if it is generated by 풮. Since G is finite, all complex reflections s ∈ 풮 have a finite order which in
general might be higher than two. The group G acts naturally on h∗ via the dual representation defined by
(g · ω)(v) := ω(g−1 · v) for all g ∈ G, ω ∈ h∗, v ∈ h and hence every complex reflection s ∈ G defines a
unique complex reflection s∗ in h∗. For brevity we shall not distinguish between a given complex reflection
in h and its unique induced complex reflection in h∗ and shall use the same notation s ∈ G for both.
Given a complex reflection s ∈ 풮 in h we denote its unique non-trivial eigenvalue by λ∨s and by α
∨
s ∈ h an
eigenvector of s in h corresponding to λ∨s which we call a root. On the one side, the root α
∨
s generates the
image of idh−s and on the other side it vanishes everywhere on the reflecting hyperplane of s in h∗, that
is, Im(idh−s) = Cα∨s and ker(idh∗ −s) = ker(α
∨
s ). Similarly, we designate by λs the unique non-trivial
eigenvalue of s in h∗ and by αs ∈ h∗ an eigenvector of s in h∗ corresponding to λs, which we call coroot.
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In analogous manner to α∨s the linear form αs generates the image of idh∗ −s and vanishes identically on
the hyperplane of s in h, that is, Im(idh∗ −s) = Cαs and ker(idh−s) = ker(αs), respectively. Since the
order of any complex reflection s ∈ 풮 is finite, the corresponding eigenvalues λ∨s and λs are (not necessarily
primitive) roots of unity. We shall denote by α∨s ∈ h and αs ∈ h
∗ the unique eigenvectors of a given complex
reflection s ∈ 풮 in h and in h∗, respectively, corresponding to the eigenvalues λ∨s and λs, respectively.
2.1.1. Irreducible well-generated complex reflection groups. If a complex reflection group G ⊂ GL(h) is such
that h is an irreducible G-module, we call G an irreducible complex reflection group. The following theorem,
which the reader can find in e.g. [LT09], shows that the study of complex reflection groups reduces to the
study of irreducible complex reflection groups. We formulate the theorem in a slightly more general manner
than stated in [LT09] which suits the purposes of this thesis better.
Theorem 2.1 (Theorem 1.27, [LT09]). Suppose that G is a finite complex reflection group on h. Then h is the
direct sum of subspaces h1, h2 . . . , hm such that the subgroup Gi of G, generated by complex reflections whose
roots lie in hi, acts irreducibly on hi for every i = 1, . . . ,m, andG ∼= G1×G2×· · ·×Gm. If u is an irreducible
G-submodule of h that is not fixed pointwise by every element of G, then u = hi for some i.
It follows from this theorem that h = hG ⊕ h1 ⊕ · · · ⊕ hk , where the hi are the non-trivial irreducible
G-modules. The support of a complex reflection group G ⊂ GL(h), denoted supp(G), is the algebraic com-
plement of the subspace hG.
Lemma 2.2. The support of a complex reflection group G ⊂ GL(h) is spanned by the roots of the complex
reflections in G.
Proof. Theorem 2.1 yields h = hG ⊕ supp(G). Take a vector v ∈ supp(G). Then there exists at least one
element g ∈ G such that g = s1 . . . sr for some complex reflection generators s1, . . . , sr ∈ S, and v /∈ hg . It
follows that v ∈ Im(1− g). Then for some x ∈ h we have that
v = (1− s1 . . . sr)x = x− s1 . . . srx
= (1− sr)x+ srx− s1 . . . srx
= (1− sr)x+ (1− sr−1)(srx) + · · ·+ (1− s1)(s2 . . . srx)
= λrα
∨
sr + λr−1α
∨
sr−1 + · · ·+ λ1α
∨
s1 ,
where α∨si is the root of si for i = 1, . . . , r. Hence, v ∈ spanS{α
∨
s } and consequently supp(G) ⊂ spanS α
∨
s .
Conversely, if v ∈ spanS{α
∨
s }, then v ∈ suppG by the fact that by default no root α
∨
s lies in h
G. Thus,
spanS α
∨
s ⊂ suppG 
The rank of a reflection group G, denoted rank(G), is the dimension of its support. If G has a generating
set S of complex reflections whose cardinality is equal to the rank of G, then G is called a well-generated
complex reflection group. Irreducible well-generated complex reflection groups G are of particular interest
to our work since they admit so called Coxeter elements. Let S∗ denote the set of hyperplanes in h fixed by
some complex reflection. SetN := |S| andN∗ = |S∗|. The Coxeter number ofG is the constant h := N+N
∗
dimh .
A ζ-regular element in G is a group element g ∈ G with eigenvalue ζ ∈ C such that no eigenvector v ∈ h of
g is contained in a hyperplane in S∗. A Coxeter element is a ζh-regular element in G where ζh is a primitive
h-th root of unity. Coxeter elements satisfy various nice properties. For the purposes of our work we want to
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know the eigenvalues of a Coxeter element. The succeeding lemma, whose proof is based on various claims
made in chapter 32 in [Kan13], demonstrates that a Coxeter element has no eigenvalues equal to one.
Lemma 2.3. If c is a Coxeter element in an irreducible well-generated complex reflection groupG ⊂ GL(h) with
a Coxeter number h ∈ Z≥0, c is a semisimple element and every eigenvalue of c is of the form ζkh , 1 ≤ k < h,
where ζh ∈ C is a primitive h-th order of unity.
Proof. The definition of a Coxeter element implies the existence of an eigenvector x of c in h whose isotropy
group Stab(x) does not contain any complex reflections. On the other hand, Steinberg’s fixed point theorem
stipulates that Stab(x) is a complex reflection subgroup. Hence, Stab(x) = {1}. Thus the condition chx =
ζhx = x implies that c is of order h. It is a standart fact from linear algebra that endomorphisms of finite
order are diagonalizable over the comlex field, so c is diagonalizable. Furthermore, every eigenvalue of c is a
h-th order of unity. Also by definition we know that the Coxeter element c possesses a primitive h-th root of
unity ζh. Thus, every eigenvalue of c is of the form ζkh for 1 ≤ k < h, which concludes the proof. 
For the existence of a trace map on Ĥ1,((~))(h, G) later in this work it is crucial to make sure that every
irreducible well-generated complex reflection group possess at least one Coxeter element. We do just that in
the next lemma.
Lemma 2.4. An irreducible well-generated complex reflection group G has a Coxeter element.
Proof. According to [Kan13, Corollary 31-1A] for a primitive d-th root of unity ζ there exists an element
c ∈ G having ζ as an eigenvalue if and only if d divides a degree di for some i = 1, . . . , dim h. Let ζh be a
primitive h-th root of unity. Since by default h = ddimh, there is an element c ∈ G having ζh as an eigenvalue.
Finally, [RRS17, Theorem 1.3] implies that c does not belong to S∗. Hence c is a Coxeter element. 
2.2. Rational Cherednik algbera. To the data h, h∗ and G one attaches the rational Cherednik algebra
Ht,c(h, G):
Definition 2.5. The rational Cherednik algebraHt,c(h, G) is the quotient of the smash-product algebra T •(h⊗
h∗)⋊CG by the ideal generated through
gyg−1 −g y, gug−1 −g u, [y, y′], [u, u′], [u, y]− t (u, y)−
∑
s∈풮
c(s) (u, αs) (y, α
∨
s ) s,
where u, u′ ∈ h and y, y′ ∈ h∗ and c ∈ C[풮]AdG, where Ad refers to the adjoint action ofG on itself and t ∈ C.
The algebraHt,c(h, G) comes with two natural increasing filtrations. The first one is the Bernstein fitration
F˜ • which is given by putting deg(G) = 0 and deg(h∗) = deg(h) = 1. The second one is the geometric
filtration F •, given by the rule deg(h∗) = deg(G) = 0, deg(h) = 1. Let m be a maximal ideal in C[h].
The degree-wise completion Ĥt,c(h, G) ofHt,c(h, G) as a C[h]-module is by definition the scalar extension of
Ht,c(h, G) to formal functions on the formal neighborhood of zero in h, that is, Ĥt,c(h, G) := C[[h]] ⊗C[h]
Ht,c(h, G). We remark that since the underlyingC[h]-module of the rational Cherednik algebra is not finitely
generated over the Noetherian ringC[h], the degree-wise formal completion does not coincide with the formal
completion of the Cherednik algebra as a C[h]-module with respect to the induced m-adic topology on the
C[h]-module Ht,c(h, G), that is, the equality lim↼iHt,c(h, G)/miHt,c(h, G) ∼= Ĥt,c(h, G) does not hold
true. Nevertheless, for brevity we shall abuse notation denoting the degree-wise completion of the rational
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Cherednik algebra by Ĥt,c(h, G). Ĥt,c(h, G) inherits both increasing filtration F˜ • and F • fromHt,c(h, G) by
the rule F˜ iĤt,c(h, G) := C[[h]]⊗C[h] F˜
iHt,c(h, G), respectively F iĤt,c(h, G) := C[[h]]⊗C[h] F
iHt,c(h, G).
The following theorem on the Hochschild homology and cohomology ofH1,0(h, G) = 풟(h)⋊G is a special
case of [AFLS00, Theorem 6.1]:
Theorem 2.6.
(1) HHj(풟(h) ⋊G,풟(h)⋊G) ∼= HH
2n−j(풟(h) ⋊G,풟(h) ⋊G) ∼= Caj ,
where aj is the number of conjugacy classes of elements in G having eigenvalue 1 with multiplicity j.
2.3. Global Cherednik algebra. Assume that X is a n-dimensional complex manifold equipped with an
action by a finite group G of holomorphic automorphisms of X . Let Xg ⊂ X denote the fixed point set
of g ∈ G. A nonlinear complex reflection of X is a pair (g, Yg) consisting of a group element g ∈ G and a
connected component Yg of Xg of complex codimension 1 in X . A codimension 1 connected component
Yg ⊂ X
g will be referred to throughout the text as a reflection hypersurface in accord with the terminology
established in [Eti04].
We define the analogue of Dunkl-Opdam operators for complex reflection representations in the case of a
complex manifold with a finite group action. Let us denote by S the set of all complex reflections of X
and let c : S −→ C be a G-invariant function. Let D :=
⋃
(g,Yg)∈S
Yg and let j : X\D −→ X be the
open inclusion map. For each complex reflection (g, Yg) ∈ S let 풪X(Yg) designate the sheaf of holomorphic
functions on X\Yg taking poles of at most first order only along Yg , let ξY g : 풯X → 풪X(Y g)/풪X be the
natural surjective map of 풪X -modules, and let p : X −→ X/G denote the projection. A Dunkl operator
associated to a holomorphic vector field V on X is a section DV of the sheaf p∗j∗j∗(풟X ⋊ G) over an open
subset U ⊂ X/G, which in a G-invariant coordinate chart U ′ ⊂ p−1(U) ⊂ X has the form
(2) DV =ℒV +
∑
(g,Yg)∈S
2c((g, Yg))
1− λ(g,Yg)
fYg (g − 1).
HereℒV is the Lie derivative with respect to V , λ(g,Yg) is the nontrivial eigenvalue of g on the conormal bun-
dle to Yg and fYg ∈ Γ(U
′,풪X(Yg)) is a function whose residue agrees with with V once both are restricted to
the normal bundle of Yg inX , that is fY g ∈ ξY g (V ). On each intersectionU ′ij := U
′
i∩U
′
j ofG-invariant coor-
dinate charts U ′i ⊂ U and U
′
j ⊂ U the coordinate representations of DV |U
′
i and DV |U
′
j coincide, from which
it follows that DV is uniquely determined by its local coordinate representation in an arbitrary G-invariant
chart. To the date X and G one attaches the following sheaf of non-commutative associative algebras:
Definition 2.7. The sheaf of Cherednik algebras ℋ1,c,X,G on the orbifold X/G is a subsheaf of the sheaf
p∗j∗j
∗(풟X ⋊ G) generated locally by p∗풪X , CG and Dunkl operators DV associated to holomorphic vector
fields V on X .
The definition of H1,c,X,G is independent on the choice of a function fyg ∈ Γ(U
′,풪X(Yg)) in the Dunkl
operators, because by adding a holomorphic function from Γ(U ′,풪X) to fYg the new Dunkl operator differs
from the old one by a section of 풪X ⋊ G. The sheaf of Cherednik algebras ℋ1,c,X,G possesses a natural
increasing and exhaustive filtrationℱ• which is defined on the generators by deg(풪X) = deg(CG) = 0 and
deg(DV ) = 1 for Dunkl operatorsDV , V a holomorphic vector field onX . It is the analogue of the geometric
filtration of the rational Cherednik algebra, discussed in 2.2. We can equivalently defineℋ1,c,X,G in the so
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calledG-equivariant topologyTGX ofX . It is by definition comprised of the preimages of open sets in the quo-
tient topology ofX/G. Since the projection p : X → X/G is surjective, pp−1(U) = U for any set U inX/G.
This means in particular that every open set U in the orbifold is the image of some open set V in X under p
whence the G-equivariant topology TGX of X consists of subsets of the form p
−1(p(V )) =
⋃
g∈G gV where
V is an arbitrary open set inX . We note that the main difference of that topology as opposed to the standard
one is that the G-equivariant topology is not Hausdorff in X . Next, we define a basis for the G-equivariant
topology TGX on X . Recall that a slice at a point x ∈ X is a Stab(x)-invariant neighborhoodWx such that
Wx ∩ gWx = ∅ for all g ∈ G \ Stab(x). A slice Wx at a point x with Stab(x) = H cannot contain any
element y whose stabilizer Stab(y) is not contained inH since the contrary would imply that there is a group
element g ∈ G\Stab(x), for whichWx∩gWx 6= ∅, which would then contradict the assumption, thatWx is
a slice. This implies that all strata, crossing aH-invariant sliceWx, have an isotropy type contained in H . A
slice is called a linear if there is a Stab(x)-invariant open set V in Cn such thatWx is Stab(x)-equivariantly
biholomorphic to V . Since we assume that the group G is finite, it acts on X properly discontinuously and
thus each point x inX possesses a sliceWx. By Cartan’s Lemma one can shrink the sliceWx till the Stab(x)-
action is linearized which implies that the G-action is locally linear. It is of crucial importance for our work
that a linear sliceWx at a point x on a stratumX iH intersects apart fromX
i
H only strataX
j
K of codimension
lower than the codimension ofX iH such that x lies in the intersection of their closures which by the frontier
condition of the stratification means that X iH lies within
⋂
{XjK | X
j
K ∩Wx 6= ∅}. For any given open set
V in X and every x ∈ V with Stab(x) := H ≤ G, there is an H-invariant linear slice Wx ⊂ V which is
H-equivariantly biholomorphic to a box in Cn−l × Cl where Cn−l is the fixed point subspace of Cn with
respect toH . Consequently, indGH(Wx) :=
∐
g∈G/H gWx is a subset of
⋃
g∈G gV . Hence, the collectionB
G
X
of sets indGH(Wx) whereWx is either anH-invariant linear slice biholomorphic to a box in C
n−l ×Cl or an
H-invariant open subset of X˚ with gWx ∩Wx = ∅ for all g ∈ G/H , forms a basis for TGX .
Note that for each x ∈ XHi , every linear slice Wx constitutes a holomorphic slice chart for the fixed point
submanifold XHi . That is, if x
1, x2, . . . , xn−l are the holomorphic coordinates on the complex vector sub-
space
(
Cn
)H
= Cn−l and y1, . . . , yl are the holomorphic coordinates on the l-dimensional complement
of Cn−l in Cn, then (x1, . . . , xn−l, y1, . . . , yl) define local holomorphic coordiantes of X on Wx such that
(x1, . . . , xn−l) are local holomorphic coordinates ofWx ∩XHi and (y
1, . . . yl) are local holomorphic coordi-
nates onWx in transversal direction to XHi .
3. Hochschild and cyclic homology of some algebras
We start by revisiting the Hochschild and cyclic homology of some important for our applications special
algebras. The theory of Hochschild and cyclic homology is a well-established field of homological algebra.
The literature on that topic is vast whence we shall refrain from repeating the well-known definitions and
facts. Instead, we refer the reader to [Wei94] and [Lod13] for a detailed discussion thereof.
Throughout the chapter let 풟alg.(h) be the algebra of differential operators on h with algebraic coefficients
and let 풟̂(h)⋊G denote the degreewise completion of the smash-product algebra풟(h)alg.⋊G with respect
to the m-adic topology on the ring C[h].
Proposition 3.1.
(3) HH•(풟̂(h)⋊G) ∼= HH•(풟alg.(h) ⋊G)
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Proof. Let us denote by C• := (C•(풟alg.(h) ⋊ G), d) the Hochschild chain complex of 풟alg.(h) ⋊ G with
Hochschild differential d and by Ĉ• := (Ĉ•(풟̂(h)⋊G), d) the completion of the Hochschild chain complex
of the completedWeyl algebra 풟̂(h)⋊G. The Lie groupU(1) acts on h by scalar multiplication and naturally
extends to an action by C-algebra automorphisms ρ : U(1) −→ Aut(Ĉn) on Ĉn for every n ∈ Z≥0 by the
rule
ρ(λ)(a0 ⊗ · · · ⊗ an) := λ
∗ ◦ a0 ◦ λ
−1∗ ⊗ · · · ⊗ λ∗ ◦ an ◦ λ
−1∗,
where λ∗ denotes the pullback action of U(1) on C[h] and ◦ is the composition in 풟alg.(h) ⋊ G. This U(1)-
action on Ĉn can be further extended to an action by graded algebra automorphisms on the chain complex
Ĉ•, if we understand Ĉ• as a graded C-algebra. Furthermore, the computation
dn(ρ(λ)(a0 ⊗ · · · ⊗ an)) = dn(λ
∗ ◦ a0 ◦ λ
−1∗ ⊗ · · · ⊗ λ∗ ◦ an ◦ λ
−1∗)
=
n∑
j=0
(−1)jλ∗ ◦ a0 ◦ λ
−1∗ ⊗ · · · ⊗ λ∗ ◦ ajaj+1 ⊗ · · · ⊗ λ
∗ ◦ an ◦ λ
−1∗
=
n∑
j=0
(−1)jρ(λ)(a0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ an)
= ρ(λ)(
n∑
j=0
(−1)ja0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ an)
= ρ(λ)dn(a0 ⊗ · · · ⊗ an)
verifies that the Hochschild differential d is U(1)-equivariant and therefore ultimately ρ extends to an action
by DG-algebra automorphisms on the chain complex (Ĉ•, d). Next, define a mapping Pˆn : Ĉn −→ Ĉn by
a0 ⊗ · · · ⊗ an 7→
∫
U(1)
ρ(λ)(a0 ⊗ · · · ⊗ an)dµ(λ),
where dµ(λ) is the Haarmeasure on the Lie groupU(1). Since the group is compact the integral is convergent
and consequently the map Pˆn is well-defined. The map is C-linear, its image Im(Pˆn) is the fixed point
subspace Ĉ
U(1)
n and its kernel ker(Pˆn) is simply the complement of Ĉ
U(1)
n . It is a straightforward computation
to show that Pˆn−1 ◦ dn = dn−1 ◦ Pˆn which implies that the mapping Pˆ : Ĉ• −→ Ĉ• is a chain complex
endomorphism. By the axiom of choice one can decompose the complex vector space Ĉ• into the subspaces
(4) Ĉ• = Im(Pˆ )⊕ ker(Pˆ ) = Ĉ
U(1)
• ⊕ ker(Pˆ ).
TheU(1)-equivariance of theHochschild differential d has as a consequenced(Ĉ
U(1)
n ) ⊆ Ĉ
U(1)
n−1 and d(ker(Pˆn)) ⊆
ker(Pˆn−1). This means that (Ĉ
U(1)
• , d) and (ker(Pˆ ), d) are subcomplexes of (Ĉ•, d) with (ker(Pˆ•), d) having
a free U(1)-action.
The rest of the proof cann be split in the following steps:
Step 1: We prove that the inclusion morphism i : Ĉ
U(1)
• →֒ Ĉ• is in fact a quasi-isomorphism by showing
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that the mapping cone chain complex cone(i)
· · · · · · Ĉ
U(1)
n Ĉ
U(1)
n−1 Ĉ
U(1)
n−2 · · · · · ·⊕ ⊕ ⊕
· · · · · · Ĉn+1 Ĉn Ĉn−1 · · · · · ·
in+1
dn+1
in
dn
in−1
dn−1
in−2
dn−2
dn+1 dn+1
Dn+1
dn
Dn
dn−1
of the inclusion morphism i with cone(i)n = Ĉ
U(1)
n−1 ⊕ Ĉn and a differential Dn =
(
−dn−1 0
−in−1 dn
)
is acyclic.
To demonstrate this it suffices to check that ker(Dn) ⊆ Im(Dn+1) for every n ∈ Z≥0. It is obvious that an
arbitrary element
(v, w) ∈ ker(Dn) =
{
(v, w) ∈ Ĉ
U(1)
n−1 ⊕ Ĉn | dn−1(v) = 0 and dn(w) = in−1(v)
}
satisfies the condition dn(w) ∈ Ĉ
U(1)
n−1 . Writing w as a sum of an element w0 ∈ Ĉ
U(1)
n and an element
z ∈ ker(Pn) in line with (5) implies consequently ρ(λ)dn(w) = dn(w0) + ρ(λ)(dn(z)) = dn(w0) + dn(z)
for every element λ ∈ U(1) and subsequently dn(z) = 0. Thus, w can be expressed as a sum
(5) w = w0 + z,
where w0 ∈ Ĉ
U(1)
n and z ∈ Ẑn ∩ ker(Pn).
Taking the differential of ρ : U(1) −→ Aut((Ĉ•, d)) at the identity of U(1) yields the action ρ∗ : u(1) −→
End((Ĉ•, d)) of the Lie algebra u(1) on the chain complex (Ĉ•, d). For any ǫ = iθ ∈ u(1) ∼= iR the image
ρ∗(ǫ) is a DG-algebra endomorphism of (Ĉ•, d) given by
(6) ρ∗(ǫ)(a0 ⊗ · · · ⊗ an) :=
d
dt
∣∣
t=0
ρ(eǫt)(a0 ⊗ · · · ⊗ an) =
n∑
j=0
a0 ⊗ · · · ⊗ [E, aj ]⊗ · · · ⊗ an,
for any a0⊗ · · ·⊗ an ∈ Ĉn, where E = ǫ
∑dim h
k=1 yk
∂
∂yk
is the Euler field on h corresponding to ǫ ∈ u(1). We
notice that the free U(1)-action ρ induces a free u(1)-action ρ∗ on ker(Pˆ•). In what follows, we show that
the image ρ∗(i) of the sole generator of u(1) is a null-homotopic endomorphism of the chain complex Ĉ•.
For that purpose we define a C-linear map h : Ĉn −→ Ĉn+1 by
(7) a0 ⊗ · · · ⊗ an 7→
n∑
j=0
(−1)j+1a0 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ an,
where again E stands for the Euler vector field on h associated to the generator i. Let a0 ⊗ · · · ⊗ an ∈ Ĉn.
Then we compute
dh(a0 ⊗ · · · ⊗ an) = d
(∑n
j=0(−1)
j+1a0 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ an
)
=
∑n
j=0(−1)
j+1
{
(−1)ja0 ⊗ · · · ⊗ ajE ⊗ aj+1 ⊗ · · · ⊗ an
+(−1)j+1a0 ⊗ · · · ⊗ aj ⊗ Eaj+1 ⊗ · · · ⊗ an
+
∑j−1
k=0(−1)
ka0 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ (aj ⊗ E ⊗ aj+1)⊗ · · · ⊗ an
−
∑n
k=j+1(−1)
ka0 ⊗ · · · ⊗ (aj ⊗ E ⊗ aj+1)⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ an
}
=
∑n
j=0
(
a0 ⊗ · · · ⊗ Eaj+1 ⊗ . . . an − a0 ⊗ · · · ⊗ ajE ⊗ · · · ⊗ an
)
+
∑n
j=0
∑j−1
k=0(−1)
j+k+1a0 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ (aj ⊗ E ⊗ aj+1)⊗ · · · ⊗ an
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−
∑n
j=0
∑n
k=j+1(−1)
j+k+1a0 ⊗ · · · ⊗ (aj ⊗ E ⊗ aj+1)⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ an.(8)
as well as
hd(a0 ⊗ · · · ⊗ an) = h(
∑n
k=0(−1)
ka0 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ an)
=
∑k−1
j=0
∑n
k=0(−1)
j+k+1a0 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ an
−
∑n
j=k+1
∑n
k=0(−1)
j+k+1a0 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ an
= −
∑n
j=0
∑j−1
k=0(−1)
j+k+1a0 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ an
+
∑n
j=0
∑n
k=j+1(−1)
j+k+1a0 ⊗ · · · ⊗ aj ⊗ E ⊗ aj+1 ⊗ · · · ⊗ akak+1 ⊗ · · · ⊗ an(9)
The sum of (8) and (9) yields
(dh+ hd)(a0 ⊗ · · · ⊗ an)=
∑n
j=0(a0 ⊗ · · · ⊗ Eaj+1 ⊗ . . . an − a0 ⊗ · · · ⊗ ajE ⊗ · · · ⊗ an)
=
∑n−1
j=0 a0 ⊗ · · · ⊗ Eaj+1 ⊗ · · · ⊗ an −
∑n
j=1 a0 ⊗ · · · ⊗ ajE ⊗ · · · ⊗ an
+Ea0 ⊗ · · · ⊕ an − a0E ⊗ · · · ⊗ an
=
∑n
j=1 a0 ⊗ · · · ⊗ Eaj ⊗ · · · ⊗ an −
∑n
j=1 a0 ⊗ · · · ⊗ ajE ⊗ · · · ⊗ an
+[E, a0]⊗ · · · ⊗ an
=
∑n
j=0 a0 ⊗ · · · ⊗ [E, aj ]⊗ · · · ⊗ an,(10)
which by Definition (6) is equal to ρ∗(i)(a0 ⊗ · · · ⊗ an). Hence h is a contraction map and ρ∗(i) is null-
homotopic map. Since ρ∗ is a free u(1)-action on ker(Pˆ•) its kernel is by definition trivial and consequently
ρ∗(i) is an injective chain complex map which is invertible on Im ρ∗(i) ⊆ Ĉn. Take an n-cycle z ∈ ker(Pˆn)∩
Ẑn. Computation (10) entails that ρ∗(i)(z) = dh(z). Since ρ∗(i) has an inverse on Im ρ∗(i), we have z =
ρ∗(i)
−1dh(z) = dρ∗(i)
−1(hz) ∈ ker(Pn) ∩ B̂n. Consequently, (5) can be made more precise. Namely, if
(v, w) ∈ ker(Dn), then
w = w0 + z
where w0 ∈ Ĉ
U(1)
n and z ∈ B̂n ∩ ker(Pˆn). There always are −x ∈ Ĉ
U(1)
n and y ∈ Ĉn+1 such that w =
dn+1(y) − in(x). Since dn(w) = −dn(in(x)) = −in−1(dn(x)) = −in−1(v), then the injectivity of in−1
stipulates that v = −dn(x). This has as a consequence that every (v, w) ∈ ker(Pn) can be penned down as
(v, w) = (−dn(x), dn+1(y)− in(x)) for an appropriate x ∈ Ĉ
U(1)
n and y ∈ Ĉn. This implies what is needed
to ascertain that iˆ• : Ĉ
U(1)
• →֒ Ĉ• is a quasi-isomorphisms, namely
ker(Dn) ⊆ Im(Dn+1) =
{(
−dn(x)
dn+1(y)− in(x)
) ∣∣∣∣∣
(
x
y
)
∈ Ĉ
U(1)
n ⊕ Ĉn+1
}
.
Step 2: In an analogous manner we demonstrate that the inclusion morphisms i• : C
U(1)
• →֒ C• is a quasi-
isomorphism.
Step 3: Lastly, we show that Ĉ
U(1)
• = C
U(1)
• . The U(1)-action on D̂(h) ⋊G and풟(h) ⋊G is determined by
10 TRACE DENSITIES AND ALGEBRAIC INDEX THEOREMS FOR THE SHEAF OF FORMAL CHEREDNIK ALGEBRAS
the action on their respective generators {yi ∈ C[h],
∂
∂yi
,CG | i = 1, . . . , dim h}:
yi
ρ(λ)
7−−−→ λyi
∂
∂yi
ρ(λ)
7−−−→λ−1 ∂∂yi
g
ρ(λ)
7−−−→ g
It is evident that the U(1)-invariant subspaces of 풟̂(h)⋊G and풟alg.(h)⋊G are both generated by CG and
the subspace spanned by {yi
∂
∂yj
| i, j = 1, . . . , dim h} and are therefore identical.
Step 1, Step 2 in combination with Step 3 are related by the diagram
Ĉ•
i
←−−−−֓ Ĉ
U(1)
• = C
U(1)
•
i
−֒−−−→ C•.
which at the level of homologies provides us with the statement of the proposition. 
The first direct corollary of that proposition is the next lemma.
Corollary 3.2. Let풟(U) be the algebra of holomorphic differential operators on a connectedG-invariant open
set U in the analytic topology of a complex vector space h. Then,
HHj(풟(U)⋊G) ∼= HHj(풟alg.(h)⋊G).
Proof. Consider the embeddings of chain complexes i1 : C•(풟alg.(h) ⋊ G) →֒ C•(풟(U) ⋊ G) and i2 :
C•(풟(U)⋊G) →֒ Ĉ•(D̂(h) ⋊G). The composition I := i2 ◦ i1 fits in the following commutative diagram
Ĉ•(풟alg.(h)⋊G)
U(1) Ĉ•(풟̂(h) ⋊G)
U(1)
C•(풟alg.(h) ⋊G) Ĉ•(풟̂(h) ⋊G)
=
quasi-iso. quasi-iso.
I
where the upper horizontal map is the identity from Step 3 and the vertical maps are the injective quasi-
isomorphisms from the proof of Proposition 3.1. At the level of Hochschild homology, I∗ is an isomorphism
whence i2∗ is surjective. Since i2∗ is clearly injective, too, the claim follows. 
Remark 3.3. The above result remains valid for disjoint unions of connected G-invariant open sets Ui in
G-spaces hi. Namely, it can be shown that HHj(풟(
∐
i Ui)⋊G)
∼= HHj(풟alg.(
∐
i hi)⋊G).
From now on for notational brevity let us designate the field of Laurent series C((~)) byK. The formal pa-
rameter ~ is a central element in the formal Cherednik algebra Ĥ1,~(h, G). Hence, one can localize the under-
lying non-commutative ring with respect to ~ the same way as any other commutative ring. Let Ĥ1,((~))(h, G)
denote the localization of the degree-wise formal completion Ĥ1,~(h, G) with respect to the multiplicative
submonoid S := {~n | n ∈ Z>0}, that is, Ĥ1,((~))(h, G) = Ĥ1,~(h, G)[S−1] = Ĥ1,~(h, G) ⊗C[[~]] K. Sim-
ilarly, 풟alg.(h) ⋊ G((~)) is isomorphic to the localization of Weyl~(h ⊕ h
∗) ⋊ G with respect to S where
Weyl~(h⊕ h
∗) denotes the homogenization of the Weyl algebraWeyl(h⊕ h∗) by means of a formal param-
eter ~ with deg(~) = 1. Let C[ε] with ε2 = 0 be the ring of dual numbers. The following proposition is a
consequence of Theorem 2.6 and Proposition 3 and the proof of its first half mimics and expounds the proof
of Proposition 1 in [RT12].
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Proposition 3.4.
i) HHj
(
Ĥ1,((~))(h, G)
)
∼= HHj
(
풟alg.(h)⋊G((~))
)
∼= Ka(G)j ,
where a(G)j denotes the number of conjugacy classes of elements of G having eigenvalue 1 with multiplicity j.
ii) HCj
(
Ĥ1,((~))(h, G)⊗C C[ε]
)
= HCj
(
풟alg.(h)⋊G((~)) ⊗C C[ε]
)
Proof. i) The C[[~]]-algebra K of formal Laurent series has an increasing and exhaustive ring filtration by
C[[~]]-modules C[[~]] ⊂ C[[~]]~−1 ⊂ · · · ⊂ C[[~]]~−p ⊂ · · · ⊂ K, which gives rise to a directed system
(C[[~]]~−p, τpq) in the category of C[[~]]-modules where τpq : C[[~]]~−p →֒ C[[~]]~−q is the natural em-
bedding for p, q ∈ Z≥0 with p ≤ q. For each pair p, q ∈ Z≥0 so that p ≤ q the natural inclusion map
Ip : C[[~]]~
−p →֒ K satisfies Ip = Iq ◦ τpq and the assignment
∑
i=−p ai~
i 7→
∑
i=−p ai~
i defines a
morphisms θ : K → lim
−→p
C[[~]]~−p of C[[~]]-modules such that θ ◦ Ip = ip for every p ∈ Z≥0, where
ip : C[[~]]~
−p →֒ lim
−→p
C[[~]]~−p is the natural inclusion map into the injective limit of the directed system.
Consequently,K satisfies the same universal property as the direct limit. Thus, by uniqueness of the universal
property of lim
−→p
C[[~]]~−p there is an isomorphism of C[[~]]-modules
(11) K ∼= lim−→
p
C[[~]]~−p.
Let K̂n := K̂n(Ĥ1,~(h, G)) designate the n-th Hochschild chain complexC[[~]]-module of Ĥ1,~(h, G). Then
taking account of isomorphism (11), we recast the n-th Hochschild chain complexK-module of Ĥ1,((~))(h, G)
in the following form:
Ĉn(Ĥ1,((~))(h, G)) ∼= lim−→
p
K̂n(Ĥ1,~(h, G))~
−p.(12)
The Hochschild homology of Ĥ1,((~))(h, G) is obtained by applying the homology functor H• on the chain
complex Ĉ•(Ĥ1,((~))(h, G)):
HH•(Ĥ1,((~))(h, G)) = lim−→
p
HH•(Ĥ1,~(h, G))~
−p.(13)
It remains to compute HH•(Ĥ1,~(h, G), Ĥ1,~(h, G)). For this aim, we define an increasing, exhaustive and
bounded above C[[~]]-module filtration on K̂• := K̂•(Ĥ1,~(h, G)) by FpK̂• = K̂•~−p for p ∈ Z≤0. The
observation
K̂n = Ĥ1,~(h, G)⊗ˆC[[~]] . . . ⊗ˆC[[~]]Ĥ1,~(h, G)
=
(
C[[h]]⊗C[h] T
•(h⊕ h∗)⊗C CG[~]⊗C[~] C[[~]]
J
)⊗ˆC[[~]]n+ 1
=
(
C[[h]]⊗C[h] T
•(h⊕ h∗)⊗C CG[~]
J
)⊗ˆCn+ 1
⊗C[~] C[[~]]
combined with the fact thatC[[~]]/~pC[[~]] ∼= C[~]/~pC[~] demonstrates that the chain complex is complete
in the ~-adic topology and hence that the filtration on K̂• is complete. The filtration of the chain complex
K̂• determines by the construction theorem a spectral sequence {Erpq} starting with
E0pq = FpK̂p+q/Fp−1K̂p+q
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∼= ~−p
Ĥ1,~(h, G)
~Ĥ1,~(h, G)
⊗ˆC . . . ⊗ˆC
Ĥ1,~(h, G)
~Ĥ1,~(h, G)
∼= ~−p풟̂(h)⋊G⊗ˆC . . . ⊗ˆC풟̂(h)⋊G
=
~−pĈp+q(풟̂(h)⋊G) for p ∈ Z≤00 for p ∈ Z>0,(14)
and consequently
E1pq = Hp+q(E
0
p∗)
= ~−pHHp+q(풟̂(h)⋊G)
=
~−pCa(G)p+q for p ∈ Z≤00 for p ∈ Z>0,(15)
where in the second line we apply Proposition 3.1. Since for each degree n = p + q, it follows from (14)
that E0pq = 0 for every p > 0, the spectral sequence {E
r
pq} is bounded from above. In the generic situation
h is a completely reducible G-module which can be decomposed in a direct sum h = h⊕m11 ⊕ . . . h
⊕mk
k of
irreducible G-submodules hj , j = 1, . . . , k of h, with multiplicity mj and one can correspondingly express
풟alg.(h)⋊G as
풟alg.(h)⋊G ∼=
(
풟alg.(h0)⋊G
)⊗Cm0 ⊗C · · · ⊗C (풟alg.(hk)⋊G)⊗Cmk .
Finally, Künneth’s formula for chain complexes yields the isomorphism
HHp+q(풟alg.(h)⋊G) ∼=
⊕
k∑
j=0
mj∑
sj=1
αjsj=p+q
{ ⊗
j=0,...,k
sj=1,...,mj
HHαj
sj
(풟alg.(hj)⋊G)
}
.(16)
According to formula (2.12) in [EG02] for every irreducible G-submodule hj , we have that a(G)αjsj
= 0
when αjsj is odd. Consequently, HHαjsj
(풟alg.(hj) ⋊ G) = 0 when αjsj is odd. We notice that whenever
p+ q is odd, in every summand of the right hand side of (16) at least one index αjsj is odd. This entails that
HHp+q(풟alg.(h)⋊G) = 0 for p+ q odd number. Thus, E1pq = E
∞
pq , which renders the sequence regular. The
complete convergence theorem implies that Erpq converges to HHp+q(Ĥ1,~(h, G)), that is,
E1pq
∼=
Fp HHp+q(Ĥ1,~(h, G))
Fp−1HHp+q(Ĥ1,~(h, G))
∼=
C[[~]]
(~)
⊗C[[~]] ~
−pHHp+q(Ĥ1,~(h, G))
= ~−pHHp+q(Ĥ1,~(h, G)).(17)
Equating (15) with (17) yields HHp+q(Ĥ1,~(h, G)) = C[[~]]a(G)p+q . Claim i) of the proposition follows im-
mediately from (13).
ii) Since the ring of dual numbers is a flat C-module, the completed Dunkl embedding induces an injec-
tive map g : Ĥ1,((~))(h, G) ⊗ C[ε] →֒ 풟̂(h) ⋊ G((~)) ⊗ C[ε]. Consequently, it induces an injective map of
Hochschild chain complexes Ĉ•
(
Ĥ1,((~))(h, G)⊗C[ε]
)
→֒ Ĉ•
(
풟̂(h)⋊G((~))⊗C[ε]
)
which in turn induces
an embedding between the respective Hochschild homologies. Künneth’s formula, Proposition 3 and claim
i) imply that the Hochschild homologies of Ĥ1,((~))(h, G) ⊗ C[ε] and 풟̂(h) ⋊G((~)) ⊗ C[ε] are isomorphic.
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Hence, the map g induces an isomorphism in Hochschild homology. Consequently, according to Corollary
2.2.3 in [Lod13] the algebra map g induces an isomorphism in cyclic homology. 
The space of traces on Ĥ1,((~))(h, G) is isomorphic to the zeroth cyclic cohomology group of Ĥ1,((~))(h, G)
which in tern is isomorphic to the dual of the zeroth Hochschild homologyK-moduleHH0(Ĥ1,((~))(h, G)). As
the Hochschild homology of Ĥ1,((~))(h, G) is finite-dimensional, the space ofK-linear traces on Ĥ1,((~))(h, G)
coincides with the zeroth Hochschild homologyK-moduleHH0(Ĥ1,((~))(h, G)). The ensuing corollary shows
that at least under some circumstances there are non-trivial traces on Ĥ1,((~))(h, G).
Corollary 3.5. Suppose G ⊂ GL(h) is a well-generated complex reflection group with hG = {0}. Then, the
dimension of ĤH0(Ĥ1,((~))(h, G)) over K is at least 1.
Proof. Theorem 2.1 along with condition hG = {0} and Lemma 2.2 imply that supp(G) = h1 ⊕ · · · ⊕
hm = spanS{α
∨
s }, where hi is an irreducible Gi-module for every i = 1, . . . ,m and α
∨
s is the root of the
complex reflection s. Since G is well-generated, that is, rank(G) = |S|, we have that h1 ⊕ · · · ⊕ hm =⊕m
i=1
⊕
si∈Si
span{α∨si}. Since from Theorem 2.1 we know that each irreducible complex reflection sub-
groupsGi is generated by those complex reflections inGwhose roots belong to hi, it follows that eachGi for
1 = 1, . . . ,m, is an irreducible, well-generated complex reflection group. Consequently, by Lemma 2.4 each
Gi possesses a Coxeter element ci. Take c := (c1, . . . , cm). This group element in G1 × · · · × Gm has no
eigenvalue equal to 1 and corresponds to an element in G with no eigenvalue equal to one. Thus, a(G)0 ≥ 1
in this case. The claim follows then by Theorem 3.4. 
Let 풜H,((~))n−l,l denote from now on the K-algebra D̂
((~))
n−l ⊗ˆKĤ1,((~))(C
l, H) where D̂((~))n−l is the algebra of
differential operators on the formal neighborhood of zero in Kn. With the help of the previous results we
easily arrive at the following result about the Hochschild homology of 풜H,((~))n−l,l and the cyclic homology of
the Z2-graded algebra풜
H,((~))
n−l,l ⊗C C[ε].
Corollary 3.6. For every m ∈ Z≥0,
i) HHm
(
풜
H,((~))
n−l,l
)
∼= HHm−2n+2l
(
풟alg.(C
l)⋊H((~))
)
∼= Ka(H)m−2n+2l
where a(H)m−2n+2l is as in Proposition 3.4, i).
ii) HCm
(
풜
H,((~))
n−l,l ⊗C C[ε]
)
∼= HCm−(2n−2l)
(
풟alg.(C
l)⋊H((~))⊗C C[ε]
)
∼=
⊕
γ∈Conj(H)
(
HCm−(2n−2l)−2kγ (K)⊕K · [ ε⊗ · · · ⊗ ε︸ ︷︷ ︸
m−(2n−2l)−2kγ−times
]
)
where 2kγ := dim(Cl ⊕Cl∗)γ , · denotes multiplication and [ε⊗ · · · ⊗ ε] is the cohomology class of ε⊗ · · · ⊗ ε.
Proof. i) This follows fromKünneth’s formula, Proposition 3.1, Theorem 2 in [Wod87] and finally Proposition
3.4, i).
ii) Without any loss of generality assume in the following for the sake of simplicity that deg(ε) = 0.
Since the ring of dual numbers is a flat C-module, the tensor product over C with C[ε] preserves the nat-
ural injection Ĥ1,((~))(C
l, H) →֒ 풜
H,((~))
n−l,l and we obtain an injective embedding of Z2-graded algebras
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f : Ĥ1,((~))(C
l, H)⊗ C[ε] →֒ 풜
H,((~))
n−l,l ⊗ C[ε]. In turn it induces an injection of Hochschild chain complexes
f : Ĉ•
(
Ĥ1,((~))(C
l, H)⊗ C[ε]
)
→֒ Ĉ•+(2n−2l)
(
풜
H,((~))
n−l,l ⊗ C[ε]
)
by(
a0 ⊗ x0 + y0ε
)
⊗ · · · ⊗
(
am ⊗ xm + ymε
)
7→1⊗(2n−2l) ⊗
(
a0 ⊗ x0 + y0ε
)
⊗ · · · ⊗
(
am ⊗ xm + ymε
)
which by abuse of notation we keep calling f . The corresponding induced map
f∗ : HH•
(
Ĥ1,((~))(C
l, H)⊗ C[ε]
)
→ HH•+(2n−2l)
(
풜
H,((~))
n−l,l ⊗ C[ε]
)
is obviously injective, too. Indeed, assume f∗
((
a0⊗x0+y0ε
)
⊗· · ·⊗
(
am⊗xm+ymε
))
is anm+(2n−2l)-
boundary. This implies that there are c0, . . . , cm+(2n−2l)+1 ∈ 풜
H,((~))
n−l,l ⊗ C[ε] such that
f∗
((
a0 ⊗ x0 + y0ε
)
⊗ · · · ⊗
(
am ⊗ xm + ymε
))
= 1⊗ · · · ⊗ 1⊗
m+(2n−2l)+1∑
r=2n−2l
(−1)rc2n−2l+1 ⊗ · · · ⊗ crcr+1 ⊗ · · · ⊗ cm+(2n−2l)+1
= 1⊗ · · · ⊗ 1⊗
m+1∑
r=0
(−1)rc0 ⊗ · · · ⊗ crcr+1 ⊗ · · · ⊗ cm+1.
From thatwe deduce that
(
a0⊗x0+y0ε
)
⊗· · ·⊗
(
am⊗xm+ymε
)
is anm-boundary. By Künneth’s formula and
claim i) the induced map is an isomorphism. Then, by virtue of Corollary 2.2.3 in [Lod13] the map f induces
an isomorphism in cyclic homology which combined with Proposition 3.4, ii) yields the first isomorphism in
claim ii) of this proposition. The second one is implied by Isomorphism (A.13)HC•(Weyl~(C
l⊕Cl∗)[S−1]⋊
H ⊗ C[ε]) ∼= ⊕γ∈Conj(H) HC•−2kγ (K[ε]) in [PPT07] accounting that HC•(K[ε]) ∼=
(
HC•(K)⊕ K · [ε
⊗•]
)
in (A.4) in [PPT07]. 
4. Trace densities and hypercohomology
In this section we introduce trace density maps for the sheaf of Cherednik algebras from [Eti04] making
use of the construction of ℋ1,c,X,G in the proof of [Vit19, Theorem 6.3]. Subsequently by means of these
maps we construct a morphism from the hypercohomology of the sheaf of Hochschild chain complexes of
ℋ1,c,X,G to the the Chen-Ruan orbifold cohomology of the global quotient X/G. The trace density maps
go through in the case when the complex valued parameters c are replaced by a formal parameter ~ and we
show that the map between the hypercohomology of the Hochschild chain complexes ofℋ1,((~)),X,G and the
Chen-Ruan orbifold cohomology with coefficients in K becomes an isomorphsim.
4.1. Hochschild 2n − 2l-cocycle of the Harish-Chandra modules 풜Hn−l,l and 풜
H,((~))
n−l,l . Assume that
H is such that HH0(H1,c(Cl, H)) is non-trivial. Consequently, since HH•(H1,c(Cl, H)) is embedded in
ĤH•(Ĥ1,c(C
l, H)), the complex dimension of the trace group of Ĥ1,c(Cl, H) is at least 1. This implies that
there are non-trivial linear functionals on Ĥ1,c(Cl, H).
Remark 4.1. For instance, whenH = Sn, (n ≥ 2) and for generic values of c the trace group ofH1,c(Cl, H)
is non-trivial (cf. e.g. [BEG04]).
In the formal case by Corollary 3.5 there are non-trivial linear functionals on Ĥ1,((~))(C
l, H) if H is a
well-generated finite complex reflection group with no fixed points on Cl, for example.
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Let φ, respectively , φ~ be non-trivial linear functionals on Ĥ1,c(Cl, H) and Ĥ1,((~))(C
l, H), respectively. We
define a Hochschild 2n− 2l-cocycle ψ2n−2l of풜Hn−l,l by
(18) ψ2n−2l(a0 ⊗ b0 ⊗ · · · ⊗ a2n−2l ⊗ b2n−2l) := τ2n−2l(a0 ⊗ · · · ⊗ a2n−2l)φ(b0 . . . b2n−2l)
for a0, . . . , a2n−2l ∈ D̂n−l, b0, . . . , b2n−2l ∈ Ĥ1,c(Cl, H) where τ2n−2l is the version of the gln−l(C)-
basic reduced Hochschild 2n − 2l-cocycle of D̂n−l emplyed in [EF08]. With the same notation we define
a Hochschild 2n− 2l-cocycle ψ~2n−2l of풜
H,((~))
n−l,l by
(19) ψ~2n−2l(a0 ⊗ b0 ⊗ · · · ⊗ a2n−2l ⊗ b2n−2l) := τ
~
2n−2l(a0 ⊗ · · · ⊗ a2n−2l)φ
~(b0 . . . b2n−2l)
where τ~2n−2l is the gln−l(K)-basic reduced Hochschild 2n− 2l-cocycle of D̂
((~))
n−l constructed in [FFS05]. The
following proposition is analogous to Proposition 4 in [RT12].
Proposition 4.2. The Hochschild 2n− 2l-cocyclesψ2n−2l and ψ~2n−2l are gln−l(C)⊕ z-basic and (gln−l(C)⊕
z)⊗K-basic, respectively.
Proof. The proof is by verification and is the same as the proof of Proposition 4 in [RT12]. 
4.2. Construction of the trace densitymaps. Fix a stratumX iH inX with codim(X
i
H) = l corresponding
to a subgroup H of G and let XHi be the connected component of the fixed point submanifold of H in X
containing X iH . Let the maps j
i
H : X
i
H →֒ X and j
H
i : X
i
H →֒ X be the respective canonical inclusions. Let
풩
coor be the bundle of infinite jets of parametrizations of the normal bundleN to the fixed point submanifold
XHi . In [Vit19, Section 4, Section 5] it was shown that there is a flat holomorphic connection 1-form ω on
풩
coor overX iH with values in풜
H
n−l,l. It can trivially be defined over the whole fixed point submanifoldX
H
i .
For every indGH Wx fromℬ
G
X , we have by [Vit19, Theorem 6.3]
H1,c(ind
G
H Wx) −→ π
coor
∗ 풪flat(풩
coor|Xi
H
×풜Hn−l,l)(W
i
x,H)(20)
(q,
∑
g,g′∈G/H
g ⊗ tgg′ ⊗ t
′) 7→ idG⊗tHH ⊗ idG .
For a indGK Wx inℬ
G
X with x lying on a stratum X
j
K , which is contained in with X
H
i , the assignment
(21) H1,c(ind
G
K Wx)→ π
coor
∗ 풪flat(풩
coor|XiH ×풜
H
n−l,l)(W
i
x,H)
is defined in a more subtle fashion. Note that by Cartan’s Lemma apart fromXK the sliceWx intersects only
isotropy types XL associated to subgroups L of K . Because of this and by [Vit19, Corollary B.9], the map
(21) is the composition of the following maps
H1,c(ind
G
K Wx, G)
∼=
−→ CG⊗CK H1,c(Wx,K)⊗CK CG→ H1,c(Wx \X
j
K ,K)
∼=
−→ lim
←−
y∈XL∩Wx
H1,c(ind
K
L Wy,K)
։
∏
L<H
∏
y∈W ix,L
{(s) ∈ H1,c˜(ind
K
L Wy ,K) : res
indKL2 Wy
indK
L1
Wy′
(s) = s′, L1 < L2 < L}
։
∏
y∈W ix,H
{(s) ∈ H1,c˜(ind
K
H Wy,K) : res
indKH Wy
indKH Wy′
(s) = s′}
∼=
−→
∏
y∈W i
x,H
{(s) ∈ CK ⊗CH H1,c˜(Wy, H)⊗CH CK : res
Wy
Wy′
(s) = s′}
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։
∏
y∈W i
x,H
{(s) ∈ H1,c˜(Wy , H) : res
Wy
Wy′
(s) = s′}
→ πcoor∗ 풪flat(풩
coor|Xi
H
×풜Hn−l,l)(W
i
x,H)(22)
where Wy is a H-invariant linear slice contained in Wx and c˜ = {c˜(Y, s)} is defined by c˜(Y, s) = c(Y, s)
for s a complex reflection in H and c˜(Y, s) = 0 otherwise. The surjectivity of the fourth arrow follows
from the fact that all L-invariant linear slices Wy for L not contained in H , do not contain H-invariant
slices. The last arrow in (22) is described the following way. By the gluing conditions in [Vit19, Section 6.2,
Section 6.2], each element in H1,c˜(Wy, H) is uniquely represented by a pair (t|Wy\XiH , s|W iy,H ) of sections
in H1,c˜(Wy \ X iH , H) and π
coor
∗ 풪flat(풩
coor|XiH × 풜
H
n−l,l)(W
i
y,H), respectively. For all y
′, y′′ ∈ W ix,H , the
collection of sections {s|W i
y,H
} coincide on open sets W iy′,H , contained in intersections W
i
y,H ∩ W
i
y′′,H .
Because of that, by the uniqueness axiom of sheaves the collection of sections s|W iy,H coincide on the whole
of every intersectionW iy,H ∩W
i
y′′,H and the gluing axiom of sheaves imply the existence of a unique section
s|W ix,H of π
coor
∗ 풪flat(풩
coor|XiH × 풜
H
n−l,l) over W
i
x,H . Hence, the assignment (21) is well-defined, too. The
well-definition of maps (20) and (21) gives a well-defined map of sheaves on the basis ℬGX and hence after
taking projective limit a well-defined map of sheaves
(23) p :ℋ1,c,X,G −→ j
i
H∗π
coor
∗ 풪flat(풩
coor|Xi
H
×풜Hn−l,l)
on the G-equivariant topology ofX . For the purpose of defining a trace density morphism we need to extend
the above morphism of sheaves to the whole ofXHi .
Lemma 4.3. The morphism (23) has a unique extension
(24) p¯ :ℋ1,c,X,G → j
H
i∗π
coor
∗ 풪flat(풩
coor ×풜Hn−l,l).
Proof. We distinguish two cases: 1) the codimension of the stratum X iH is equal to or bigger than 1, 2) the
stratum X iH is the prinicipal (dense and open) stratum in X .
1) Let Wx be K-invariant linear slice centered on a stratum X
j
K contained in X
H
i as above. By Hartog’s
Theorem the third arrow in (22) is surjective. Hence, the images of the morphisms (22) and
H1,c˜(Wx \X
j
K , H)
∼=
−→ lim
←−
Wy ,y∈XL∩Wx,L<H
H1,c˜(ind
H
L Wy, H)
։
∏
y∈W i
x,H
{(s) ∈ H1,c˜(Wy , H) : res
Wy
Wy′
(s) = s′} → πcoor∗ 풪flat(풩
coor|Xi
H
×풜Hn−l,l)(W
i
x,H)
coincide. Thus, the preimage sˆ1 in H1,c˜(Wx \X
j
K , H) of every section sˆ in the image of (22) is non-empty.
Furthermore, as the codimension of XjK is at least 2 in X , it follows H1,c˜(Wx \ X
j
K , H)
∼= H1,c˜(Wx, H)
by Hartog’s Theorem. At the same time, by [Vit19, Theorem 6.3] sˆ1 determines a unique section sˆ2 of
jHi∗π
coor
∗ 풪flat(풩
coor×풜Hn−l,l)(Wx∩X
H
i )with sˆ2|Wx\XjK
= sˆ. By the identity theorem, all sections sˆ2 coincide
on the open subsetW ix,H ofWx ∩X
H
i , ergo, onWx ∩X
H
i . This gives a well-defined extension p¯.
2) Assume X iH = X˚ . We extend (23) step by step to the union of X˚ with all strata of codimension 1. Ex-
tensions beyond codimension 1 follow from Hartog’s theorem. Assume codim(XjK) = 1. Here, we only
consider the case of a basic open sets indGK Wx with x in X
j
K . Then each element Dck in H1,c(Wx,K) is
uniquely represented by a pair of sections uˆc = (t|Wx\XjK
k, sc|W j
x,K
) of πcoor∗ 풪flat(X˚
coor×풟̂n)(Wx\X
j
K)⋊K
and πcoor∗ 풪flat(풩
coor × 풜Kn−1,1)(W
j
x,K) satisfying the gluing conditions from [Vit19, Section 6.1]. Setting
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c(Y, s) = 0 for all complex reflections inK , the pair uˆ0 describes an a unique elementD0k in풟X(Wx)⋊K .
If we set Y = X˚
∐
XjK , the same element D0k in 풟X(Wx) ⋊K uniquelly corresponds to a flat section rˆk
in πcoor∗ 풪flat(Y
coor ×풟n)(Wx)⋊K . Clearly, the restriction maps satisfy res
Wx
Wx\X
j
K
(rˆk) = resWx
Wx\X
j
K
(uˆ0) =
t|Wx\XjK
k. Hence, rˆ is the unique flat section in πcoor∗ 풪flat(Y
coor ×풟n)(Wx) which is assigned to Dck and
extends t|Wx\XjK
. This gives the wanted extension p¯. 
Given a sheaf ℱ of locally convex C-algebras (in the G-equivariant topology) of X , the assignment
Sh
(
U 7→ Ĉ•(ℱ(U))
)
, where Sh denotes the sheafification functor, defines a Hochschild chain complex
of sheaves of algebras onX (in theG-equivariant topology). In what follows we shall abuse notation by writ-
ing C•(ℱ) for the above defined Hochschild complex of sheaves. The map (23) induces a morphism between
Hochschild chain complexes of sheaves
(25) Ĉ•(ℋ1,c,X,G) −→ Ĉ•(j
H
i∗π
coor
∗ 풪flat(풩
coor ×풜Hn−l,l)).
Let ∇∞ be the smooth flat connection of the underlying smooth complex bundle of the holomorphic bun-
dle 풩coor × 풜Hn−l,l which is compatible with the holomorphic flat connection d + [Φc ◦ ω, · ]. Then, the
sheaf πcoor∗ 풪flat(풩
coor ×풜Hn−l,l) is isomorphic to the sheaf π
coor
∗ 풪
∞
flat(풩
coor ×풜Hn−l,l) of flat smooth sections
with respect to ∇∞. Let ϕ : XHi → 풩
aff be a smooth global section. Then ϕ∗∇∞ is a flat smooth con-
nection on E := F (N) ×GLn−l(C)×Z 풜
H
n−l,l over X
H
i where F (N) denotes the smooth frame bundle of
N . Over trivializing sets U of E on XHi we have ∇
∞
∣∣
U
= d + [ϑ
∣∣
U
, · ] where ϑ
∣∣
U
= ϕ∗(Φc ◦ ω)
∣∣
U
∈(
Ω1(U,풜Hn−l,l)
)GLn−l(C)×Z . Locally, for every openW in X , there is a standard map of chain complexes of
sheaves
Ĉ•(j∗π
coor
∗ 풪
∞
flat(풩
coor ×풜Hn−l,l)(W ))→ j∗Ω
2n−2l−•
XHi
(W )
s0 ⊗ · · · ⊗ sp 7→
∑
k≥0
(−1)⌊
k
2 ⌋ψ2n−2l
(
s0 ⊗ · · · ⊗ sp × (ϑ
∣∣
W∩XHi
)k
)
.
Different choices of trivialization ofN changes ϑ by an element inΩ1(W, gln−l(C)⊕z). However, this leaves
the above map unchanged since by Proposition 4.2 the cocycle ψ2n−2l is gln−l(C)⊕ z-basic. As a result this
map is defined globally onXHi and combined with (25) it gives rise to the desired trace density map
(26) χHi : Ĉ•(ℋ1,c,X,G) −→ j
H
i∗Ω
2n−2l−•
XHi
in the G-equivariant topology of X . The Hochschild chain complex has a positive homological grading
which corresponds to a cochain complex with negative cohomological grading. On the other hand, all of
the 풪GX -modules on the right hand side have negative cohomological grading. Hence, the morphism (26) is a
well-defined map of cochain complexes. In much the same way as the construction of trace density morphism
(26) we define trace density maps for the Hochschild chain complex of the sheaf of formal global Cherednik
algebras
(27) χHi,((~)) : Ĉ•(ℋ1,((~)),X,G) −→ j
H
i∗Ω
2n−2l−•
XHi
((~)).
Let H• denote the hypercohomology functor and let H•CR(X/G, k) be the Chen-Ruan cohomology of X/G
with coefficients in the field k. With the help of the above defined trace density maps we can establish the
following result.
Theorem 4.4. Let G′ be a Coxeter group and G a complex reflection group acting on the complex manifold X .
Then,
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i) there is a non-trivial morphism H−•(X/G′, Ĉ•(ℋ1,c,X,G′))→ H
2n−•
CR (X/G
′,C)
ii) there is an isomorphism H−•(X/G, Ĉ•(ℋ1,((~)),X,G))→ H
2n−•
CR (X/G,C((~))).
Proof. i) Consider the natural map
(28)
⊕
i
g∈G′
χgi : Ĉ•(ℋ1,c,X,G′) −→
( ⊕
i
g∈G′
j∗Ω
2n−2 codim(Xgi )−•
Xgi
)G′
induced by the trace density maps (26). Each χgi is non-zero since each cyclic subgroup 〈g〉 is by definition
isomorphic to S2 (cf. Remark 4.1). Taking the hypercohomology functor H−• on both sides of (28) and
accounting that the smooth de Rham complex is a complex of soft and hence Γ-acyclic sheaves, we get a map⊕
i
g∈G′
χiH∗ : H
−•(X/G′, Ĉ•(ℋ1,c,X,G′))→
( ⊕
i
g∈G′
H
2n−2 codim(Xgi )−•
dR (X
g
i ,C)
)G′
where the cohomologies on the right hand side are de Rham cohomologies. Since the right hand side is iso-
morphic to the Chen-Ruan cohomology of the global quotient orbifoldX/G′ with values in C, the assertion
follows.
ii) Each group 〈g〉 is by definition isomorphic to a cyclic group which do not have non-trivial fixed point
elements in Cl. Hence, the maps χgi,((~)) are non-zero (cf. 2th paragraph in Subsection 4.1). As per definition
of the basis ℬGX , for every x ∈ X
i
H , there is a contractible H-invariant slice Wx in X , a H-invariant con-
tractible set V in the product topology of Cn, n = dimX , containing the origin of Cn, and anH-equivariant
biholomorphism f : Wx → V with f(x) = 0. The differential of f equips Cn with the structure of an
H-representation. Similarly, each Cn[g] := [g,C
n] ⊂ G ×H C
n becomes a gHg−1-space. As a result, the
induction set indGH C
n = G×H C
n =
∐
g∈G/H C
n
[g] acquires a natural rightH-action. Moreover, each trans-
late gWx possesses a gHg−1-equivariant biholomorphism f[g] from gWx to an open set V[g] in C
n
[g], given by
f[g](y) = [g, f(g
−1y)] for every y ∈ gWx. Consequently, there is a G-equivariant biholomorphism F from
indGHWx to ind
G
H V given by F (y) = f[g](y) for every y ∈ gWx and every g ∈ G/H .
Set lig = codim(X
g
i ). Consider the formal mapping
(29)
⊕
i
g∈G
χgi,((~)) : Ĉ•(ℋ1,((~)),X,G)→
(⊕
i
g∈G
jgi∗Ω
2n−2lig−•
Xgi
((~))
)G
To prove that this map is a quasi-isomorphism it suffices to show that the homology sheaves on both sides of
(29) are isomorphic as presheaves in the basis of the G-equivariant topology. By an identical argumentation
as in Proposition 3.4, i) we have for the homology presheaf on every indGH Wx ∈ℬ
G
X on the left hand side of
Equation (29) that
(30) HH•(H1,((~))(ind
G
H Wx, G))
∼= HH•(풟(ind
G
H Wx)⋊G)((~)).
Then, the G-equivariant biholomorphism F and Remark 3.3 imply that
(31) HH•(풟(ind
G
H Wx)⋊G)((~))
∼= HHp(풟(ind
G
H V )⋊G)((~))
∼= HH•(풟alg.(ind
G
H C
n)⋊G)((~)).
On the other hand, denote by ZH(h) and CH(h) the centralizer of an element h in H , respectively its con-
jugacy class in H and by HdR the algebraic de Rham cohomology. Then, by virtue of Frobenius’ theorem we
can further simplify
HH•(풟alg.(ind
G
H C
n)⋊G) ∼=
(
⊕ i
g∈G
H2n−2 codim(ind
G
H C
n)gi−•((indGH C
n)gi ,C)
)G
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∼=
(
⊕g∈G/H ⊕k∈gHg−1 H
2n−2 codim(Cn[g])
k−•((Cn[g])
k,C)
)G
∼=
(
CG⊗CH ⊕k∈H H
2n−2 codim(Cn)k−•
dR ((C
n)k,C)
)G
∼=
(
⊕k∈H H
2n−2lk−•
dR ((C
n)k,C)
)H
∼= ⊕CH(h)∈Conj(H)
(
⊕k∈CH(h) H
2n−2lk−•
dR ((C
n)k,C)
)H
∼= ⊕CH(h)∈Conj(H)
(
CH ⊗CZH(h) H
2n−2lh−•
dR ((C
n)h,C)
)H
∼= ⊕CH(h)∈Conj(H)
(
H2n−2lh−•dR ((C
n)h,C)
)ZH(h)
∼= ⊕CH(h)∈Conj(H)
(
H•(풟alg.(C
n),풟alg.(C
n)h)
)ZH (h)(32)
where i in the first line denotes the connected components, the first isomorphism follows directly from
Propositions 3 and 4 in [DE05]. From [FT10] we know that the homology H•(풟alg.(Cn),풟alg.(Cn)h) is one-
dimensional, spanned by the Hochschild 2n− 2lh-cycle
c2n−2lh =
∑
σ∈S2n−2lh
1⊗ uσ(1) ⊗ · · · ⊗ uσ(2n−2lh)
where u2i−1 = ∂x2i−1 , u2i = x2i. Ergo, from the isomorphisms (30), (31) and (32) we conclude that
HH•(H1,((~))(ind
G
H Wx, G) is spanned by the vector (c2n−2lh)CH(h)∈Conj(H). On the other hand, there is
a natural isomorphism
HH0(H1,((~))(C
l, 〈h〉), H1,((~))(C
l, 〈h〉)∗) = HH0(풟alg.(C
l)⋊ 〈h〉,풟alg.(C
l)⋊ 〈h〉∗)((~))
=
(
⊕
ord(h)
k=1 HH
0(풟alg.(C
l),풟alg.(C
l)hk∗)
)〈h〉
where ord(h) is the order of h in G. Each group HH0(풟alg.(Cl),풟alg.(Cl)hk∗) is spanned by a hk-twisted
trace trhk(·), defined in [Fed00]. Hence, for each trace φ ofH1,((~))(C
l, 〈h〉), we can make the identification
(33) φ =
ord(h)∑
k=1
λk trhk(·).
Evaluation of the right hand side of (29) gives(⊕
i
g∈G
j∗Ω
2n−2lig−•
Xgi
((~))(indGH Wx)
)G
=
( ⊕
CG(h)∩H 6=∅
⊕
g∈CG(h)
j∗Ω
2n−2lig−•
Xgi
((~))(indGHWx)
)G
=
⊕
CG(h)∩H 6=∅
(
j∗Ω
2n−2lih−•
Xhi
((~))(indGH Wx)
)ZG(h)
In the second line we employed the fact that by Cartan’s LemmaWx intersects only one connected component
from eachXg . Consequently, the cohomology of the right hand side of (29) is⊕
CG(h)∩H 6=∅
(
H2n−2l
i
h−•(W ix,<h>,C)
)ZG(h)
=
⊕
CH(h)∈Conj(H)
(
H2n−2l
i
h−•(W ix,<h>,C)
)ZH(h)
.
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Plugging the generator of HH•(H1,c(ind
G
HWx, G)) into Morphism (29) yields⊕
i
g∈G
χgi,((~))((c2n−2lh)CH(h)∈Conj(H)) =
⊕
CH(h)∈Conj(H)
χhi,((~))((c2n−2lh)CH (h)∈Conj(H))
=
(
(−1)⌊
2n−2lh
2 ⌋ψ2n−2lh(c2n−2lh)
)
CH(h)∈Conj(H)
=
( ord(h)∑
k=1
(−1)⌊
2n−2lh
2 ⌋λkτ2n−2lh(c2n−2lh) trhk(1)
)
CH(h)∈Conj(H)
where in the second line we used Identification (33). As τ~2n−2lh(c2n−2lh) is nonzero by [FFS05; FT10] and the
Fedosov traces trhk(1) are non-zero for at least k = 1, the map (29) is a direct sum of one-dimensional invert-
ible matrices between the generators of the homology of the global Cherednik algebra on basic open sets and
the generators of
⊕
CH(h)∈Conj(H)
(
H2n−2l
i
h−•(W ix,<h>,C)
)ZH(h), ergo⊕ i
g∈G
χgi,((~))∗ is an isomorphism.
Hence, the map (29) is a quasi-isomorphism. The rest follows. 
5. Algebraic index theorem
At last we prove an algebraic index theorem for the formal trace densities (27) following established tech-
niques from previous works such as [FFS05], [EF08] and [PPT07] and [RT12].
Throughout the section we adhere to the structure of and the notation in sections 2.4 and 4.3 in [RT12].
Fix a stratum X iH and let in the following codim(X
i
H) = l. Let us fix a number N >> n. Let further
g := glN (풜
H,((~))
n−l,l ) and let h := gln−l(K) ⊕
(
z ⊕ glN (C)
)
⊗ K. By Section 3.1 and 3.2 in [FFS05] the
Hochschild cocycle ψ~2n−2l, defined by Equation (19), corresponds to a unique 2n− 2l-Lie cocycleΨ2n−2l ∈
C2n−2l(g, h; g∗). Let the mapping ev1 : C2n−2l(g, h; g∗)→ C2n−2l(g, h;K) be the evaluation at the identity.
In order to formulate an index theorem we first have to compute [ev1Ψ2n−2l].
LetW ((~))n−l be the Lie algebraDer(K[[x1, . . . , xn−l]]) and let n = (z⊕glN (C))⊗K. Then, the combination of
the obvious Lie algebra embedding h →֒W ((~))n−l ⋊ (z⊕ glN (C)⊗K)⊗풪n−l with the Lie algebra embedding
W
((~))
n−l ⋊ n⊗ 풪n−l →֒ g, given by
v + (A,B)⊗ p 7→ 1⊗ Φ((h))(v +A⊗ p) +B ⊗ Φ((~))(p),
where Φ((~)) is defined as in [Vit19, Proposition 4.4], allows us to view h as a Lie subalgebra of g. Select
a decomposition of g into a direct sum of h-modules g ∼= h ⊕ g/h. This yields a projection of h-modules
pr : g → h along g/h which can be interpreted as an h-equivariant projection. The amount by which this
projection fails to be a Lie algebra homomorphism is measured by the curvature C ∈ Hom(
∧2
g, h) defined
in [FFS05] by
C(v, w) := [pr(v), pr(w)] − pr([v, w])
for all v, w ∈ g. By means of C one can define the Chern-Weil homomorphism χ : S•(h∗)h → H2•(g, h;K)
by
χ(P )(v1 ∧ · · · ∧ v2k) =
1
k!
∑
σ∈S2k
σ(2i−1)<σ(2i)
(−1)σP
(
C(vσ(1), vσ(2)), . . . , C(vσ(2k−1), vσ(2k))
)
for every P ∈ S•(h∗)h. Now we prove several supporting propositions for the Chern-Weil homomorphisms
which are needed for the computation of the cohomology class of [ev1Ψ2n−2l]. We conclude the section with
the promised algebraic index theorem forℋ1,((~)),X,G.
TRACE DENSITIES AND ALGEBRAIC INDEX THEOREMS FOR THE SHEAF OF FORMAL CHEREDNIK ALGEBRAS 21
Proposition 5.1. The Chern-Weil homomorphism풳 : Sq(h∗)h −→ H2q(g, h;K) is an isomorphism forN >>
n and q ≤ n− l+ k where k = minγ∈Conj(H) kγ and kγ is as in Corollary 3.6, ii).
Proof. Assume in what follows that deg(ε) = 1. By Theorem 10.2.5 in [Lod13] we have that
(34) Hm(glN (풜
H,((~))
n−l,l ⊗ C[ε]))
∼=
(
풮
•(HC•(풜
H,((~))
n−l,l ⊗ C[ε])[1])
)
m
for every m ≥ 0 where 풮• is the graded symmetric product defined for instance in A.1 in [Lod13] and (·)m
denotes the m-th degree of a graded module. As explained in Appendix A in [PPT07], the left hand side of
(34) can be written as
(35) Hm(glN (풜
H,((~))
n−l,l ⊗ C[ε]))
∼= ⊕mp=0Hp(g, S
m−pgε)
On account of Corollary 3.6, ii), the right hand side of the isomorphism can be written as
(36)
⊕
d≥0
⊕
j1+···+jd=m
(
⊕γ HCj1−(2n−2l+2kγ )−1(K[ε])
)
⊗ · · · ⊗
(
⊕γ HCjd−(2n−2l+2kγ )−1(K[ε])
)
The isomorphism (34) is graded of degree 0. Hence, in particular it respects the grading in ε. Hence, it maps
cohomology classes of degreem− p in ε to elements of degreem− p in ε. Hence, inserting (35) and (36) in
(34) and comparing degrees of ε, we get for every p ≤ m,
Hp(g, S
m−pgε) ∼=
(
⊕γ HCm−(2n−2l+2kγ )−1(K[ε])
)
m−p−th degree in ε
∼=
(
⊕γ
(
HCm−(2n−2l+2kγ)−1(K)⊕K[ ε⊗ · · · ⊗ ε︸ ︷︷ ︸
m− (2n− 2l + 2kγ)-times
]
))
m−p−th degree in ε
∼=

⊕
γ∈Conj(H)
kγ=k
K[ ε⊗ · · · ⊗ ε︸ ︷︷ ︸
m− 2n− 2l + 2k
], if p = 2n− 2l+ 2k
0, if p < 2n− 2l + 2k
Since Lie algebra homology and cohomology are dual, another way of stating the above is: Hp(g, Sqg) is
isomorphic to Ka(H)n−l+k when p = 2n − 2l + 2k and is 0 otherwise. The remainder of the proof follows
verbatim that of [FFS05, Proposition 5.2]. 
Proposition 5.2. The Chern-Weil homomorphism χ : Sq(h∗)h → H2q(W ((~))n−l ⋊ n⊗풪n−l, h;K) is an isomor-
phism for q ≤ n− l. Furthermore, H2q(W ((~))n−l ⋊ n⊗ 풪n−l, h,K) = C
2q(W
((~))
n−l ⋊ n⊗ 풪n−l, h;K)
Proof. The injective Lie algebra homomorphism W
((~))
n−l ⋊ n ⊗ 풪n−l →֒ g induces a natural h-equivariant
injective map η :
∧2q (
W
((~))
n−l ⋊ n ⊗ 풪n−l/h
)
→
∧2q (
g/h
)
which in turn gives an h-equivariant surjective
morphism η∗ : H2q(g, h;K) → H2q(W
((~))
n−l ⋊ n ⊗ 풪n−l, h;K). It is a straightforward verification that χ =
η∗ ◦풳, where풳 is the Chern-Weil homomorphism from Proposition 5.1. Thus, the map χ is surjective. On
the other hand, on account of Corollary 1 in [Kho07], we have Sq(h∗)h ∼= H2q(W
((~))
n−l ⋊ n⊗ 풪n−l, h,K) for
q ≤ n− l. Hence, χ is in fact an isomorphism because Sq(h∗)h is a finite-dimensional complex vector space
for q ≤ n− l. We show that C2q+1(W ((~))n−l ⋊ n ⊗ 풪n−l, h,K) = 0 making use of invariant theory the same
way as in [Fuk86] which implies the second statement of the proposition. 
Let X1 ⊕ X2 ⊕ X3 ∈ h. Let (Aˆ~ Chφ~ Ch)k ∈ S(h
∗)h be the homogeneous term of degree k in the
Taylor expansion of Aˆ~ Chφ~ Ch(X) := Aˆ~(X1)Chφ~(X2)Ch(X3), where Aˆ(X1) = det
(
X/2
sinh(X/2)
)1/2
and Aˆ~(X1) = Aˆ(~X1), Chφ~(X2) = φ~(exp(X2)) and Ch(X3) = tr(exp(X3)).
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Proposition 5.3. [ev1Ψ2n−2l] = (−1)
n−l
풳
(
(Aˆ~ Chφ~ Ch)n−l
)
.
Proof. By Proposition 5.1 there is an h-invariant polynomialP with풳(P ) = [ev1Ψ2n−2l]. The ad-invariance
of P implies that it is uniquely determined by its value on the Cartan subalgebra a of h spanned by the
following group of vectors: xi
d
dxi
, 1 ≤ i ≤ n− l,Erara ⊗ 1, 1 ≤ ra ≤ na, 1 ≤ a ≤ t, Err , 1 ≤ r ≤ N , where
na are the multiplicities of the t simple subrepresentations of Cl (cf. Lemma ??). Consider the commutative
diagram
Sn−l(h∗)h H2n−2l(g, h;K)
C2n−2l(W
((~))
n−l ⋊ n⊗ 풪n−l, h;K)
χ
풳
η∗
emanating from Proposition 5.2. Since all the arrows are isomorphisms here, we can prove the restriction of
the desired identity toW ((~))n−l ⋊n⊗풪n−l, that is χ(Q) = η∗([ev1Ψ2n−2l]). The advantage of such a restriction
is that the identity becomes an identity of cocycles rather than of cohomology classes. To shorten notation
throughout the proof we shall write ev1Ψ2n−2l to denote the cohomology class as well as its restriction to
the Lie subalgebra. Select an invariant polynomial Pn−l whose restriction to a is given by
Pn−l(M1 ⊗ a1 ⊗ b1, . . . ,Mn−l ⊗ an−l ⊗ bn−l) = tr(M1 . . .Mn−l)φ
~(b1 . . . bn−l)
µn−l
∫
[0,1]n−l
∏
1≤i≤j≤n−l
exp(~ψ(ui − uj)αij)× (a1 ⊗ · · · ⊗ an)du1 . . . dun−l.
Hereµn−l, ψ, αij , u1, un−l are exactly the same as in Section 2.3 in [FFS05]. We evaluate the cocycle ev1Ψ2n−2l
on the following special vectors
uij := −
1
2
x2i
d
dxi
δij + xixj
d
dxj
vir := xi ⊗ Err wira := xi ⊗ Erara
where the indices are as above. These vectors are in the kernel of pr and satisfy following commutator
relations
[
d
dxi
, uij ] = xj
d
dxj
[
d
dxi
, vir ] = Err [
d
dxi
, xi ⊗ Erara ] = Erara .
Hence,C( ddxi , uij) = −xj
d
dxj
,C( ddxi , vir) = −Err andC(
d
dxi
, wira) = −Erara . In what follows, we denote
by fi any vector of the form uij with i ≥ j, or vir or wira . Then
χ(P )(
d
dx1
∧ f1 ∧ · · · ∧
d
dxn−l
∧ fn−l∧) = (−1)
n−lP (
df1
dx1
, . . . ,
dfn−l
dxn−l
)(37)
where in χ(P ) only permutations σ ∈ S2n−2l with σ(i)−σ(i−1) = 1 for all i = 2, 4, . . . , 2n−2l contribute
non-trivially. The number of such permutations in S2n−2l equals the number of permutations of pairs of
tuples (2i− 1, 2i), i = 1, . . . , n− lwhich is exactly (n− l)!. The left hand side of (37) can be computed using
the definition of ψ~2n−2l exactly the same way as in the proof of Theorem 5.1 in [FFS05] and that of Theorem
3 in [RT12]. Namely, one gets
χ(P )(
d
dx1
∧ f1 ∧ · · · ∧
d
dxn−l
∧ fn−l∧) = Pn−l(
df1
dx1
, . . . ,
dfn−l
dxn−l
)
which combined with 37 implies P = (−1)n−lPn−l on a. Ergo, P = (−1)n−lPn−l on h. It remains to
calculate Pn−l on a. We start by remarking that Pn = P ′nφ
~ where P ′n is the polynomial defined in Equation
8 in the proof of [FFS05, Theorem 5.1]. In the same fashion as in [PPT07, Theorem 5.3] we explicitly calculate
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Pn−l on the diagonal matricesX = Y +Z where Y :=
∑n−l
i=1 νixi
d
dx1
+
∑N
r=1 σrErr ∈ gln−l(K)⊕glN (K)
and Z :=
∑
1≤a≤t,1≤ra≤na
τaraErara ∈ z ⊗ K. To that aim consider the generating function S(X) =∑
m≥1
1
m!Pm(X, . . . , X). We then have
S(X) =
∑ 1
l!
P ′l (Y, . . . , Y︸ ︷︷ ︸
l times
)
∑
k=m−l
1
k!
φ~(Zk) = (Aˆ~ Ch)(Y )Chφ~(Z).
Since Pn−l is the degree n − l component of S(X), it is equal to
(
Aˆ~ ChChφ~
)
n−l
. Hence ev1Ψ2n−2l =
(−1)n−lχ
((
Aˆ~ ChChφ~
)
n−l
)
. The assertion follows. 
Let henceforth ϕ∗∇∞ := ∇ + [A, · ] be the flat smooth connection on the associated vector bun-
dle F (N) ×G 풜
H,((~))
n−l,l ) over X
H
i from Subsection 4.2 where ∇ is a smooth (non-flat) connection, A ∈
Ω2(XHi ,풜
H,((~))
n−l,l ) and G = GLn−l(K)× Z ⊗K. Consequently, by defiintion
(ϕ∗∇∞)2 = ∇2 + [∇A+
1
2
[A,A], · ] = [Θ, · ]
with a central element Θ ∈ Ω2(XHi ,K). At the same time the curvature of the non-flat connection ∇ can
be written in the form∇2 = [RT +RN , · ] with RT ∈ Ω2(XHi , gln−l(K)) and RN ∈ Ω
2(XHi , z⊗ K) from
which we conclude
(38) ∇A+
1
2
[A,A] = Θ−RT −RN .
The following theorem and its proof mimic Theorem 6 from [RT12].
Theorem 5.4. The 2n− 2l-form χHi,((~))(1)− ~
n−l
(
Aˆ(RT )Ch(
−Θ
~
)Chφ~(
RN
~
)
)
n−l
is an exact form on XHi .
Proof. We assume that A saturates pr(A) = 0. We are allowed to do this because ϕ∗∇∞ can be rewritten in
the form ϕ∗∇∞ = ∇+ [A,−] = (∇+ [pr(A),−]) + [(A− pr(A)),−] = ∇˜+ [A˜,−]. Then, accounting that
pr(∇A) = ∇ pr(A) for any pair of smooth vector fields ξ1, ξ2 on X iH , we have
C(Aξ1, Aξ2) = − pr(∇A(ξ1, ξ2) + [A(ξ1), A(ξ2)]) = − pr(Θ −RT −RN ) = RT +RN −Θ
where in the third equation we used (38).
Denote the homogeneous h-invariant polynomial
(
Aˆ~ ChChφ~
)
n−l
by P and let v1, . . . , v2n−2l be vector
fields on X . Note that ev1Ψ2n−2l(A⊗2n−2l) = (2n − 2l)!ψ~2n−2l(A
⊗2n−2l). Then, in exactly the same
fashion as in the proof of [RT12, Theorem 6] we have
χ((~)),iH (1)(v1, . . . , v2n−2l) = (−1)
n−l ev1Ψ2n−2l(A ∧ · · · ∧ A︸ ︷︷ ︸
2n− 2l times
)(v1, . . . , v2n−2l)
= 풳(P )(A ∧ · · · ∧ A︸ ︷︷ ︸
2n− 2l times
)(v1, . . . , v2n−2l)
=
1
(n− l)!
∑
σ
(−1)σP (C(Avσ(1), Avσ(2)), . . . , C(Avσ(2n−2l−1), Avσ(2n−2l)))
=
1
(n− l)!
∑
σ
(−1)σP ((RT +RN −Θ)(vσ(1), vσ(2)), . . . , (RT +RN −Θ)(vσ(2n−2l−1), vσ(2n−2l)))
=
1
(n− l)!
P ((RT +RN −Θ), . . . , (RT +RN −Θ)︸ ︷︷ ︸
n− l times
)(v1, . . . , v2n−2l)
= P (RT + RN −Θ)(v1, . . . , v2n−2l)
24 TRACE DENSITIES AND ALGEBRAIC INDEX THEOREMS FOR THE SHEAF OF FORMAL CHEREDNIK ALGEBRAS
where in the definition of the trace density we implicitly used that ψ~2n−2l is gln−l(K)⊕ z⊗K-basic. Hence,
modulo exact forms we have
χHi,((~))(1) =
(
Aˆ~(RT )Ch(−Θ)Chφ~(RN )
)
n−l
= ~n−l
(
Aˆ~(
RT
~
)Ch(
−Θ
~
)Chφ~(
RN
~
)
)
n−l
.
The definition of Aˆ~ and Aˆ imply the claim. 
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